Abstract: This study theoretically analyzes an increase in X-ray absorption by a grazing incidence mirror due to its surface roughness. We demonstrate that the increase in absorption can be several hundred times larger than predicted by the Nevot-Croce formula. As a result, absorption enhances by several times compared to a perfectly smooth mirror despite the extremely small grazing angle of an incident X-ray beam (a fraction of the critical angle of the total external reflection) and the high quality of the reflecting surface (the roughness height was 0.5 nm in modeling). The main contribution to the absorption increase was dictated by the mid-scale roughness (waviness) of the virgin substrate surface, whose quality thus defines an absorption enhancement. The approach was applied to the analysis of two real mirrors used in a synchrotron (BESSY-I) and a European X-ray free-electron laser (XFEL) beamline. The modern surface finishing technology of elastic emission machining provides extremely low substrate waviness, guaranteeing the negligible effect of the surface roughness on the absorption increase. 
Introduction
The mirrors placed in beamlines of 3rd generation synchrotrons and, especially, X-ray free electron lasers must withstand an extremely high radiation load and thus should absorb as small a portion of the incident radiation power as possible. For this purpose, the mirrors should be installed with respect to the incident beam at a very small grazing angle θ 0 , which should be a fraction of the critical angle θ c of the total external reflection (TER). Neglecting the roughness effect and according to the Fresnel formula, the reflectivity at the vanishingly small grazing angle is approximately expressed as 
where 1 i ε δ γ ≡ − + is the complex dielectric permittivity of a reflecting coating, δ and γ represent the refraction and absorption respectively, and the angle θ 0 is in radians. The first approximate equality is valid for very small grazing angle 0 c θ θ << and the last one in Eq. (1) is valid for low-absorbing materials with / 1 γ δ << . Equation (1) demonstrates that the maximal reflectivity R F and, hence, the minimal absorptivity (the ratio of the absorbed power to the incident one) 1 / γ δ . The last condition is fulfilled in the hard X-ray region for the lightest materials, such as carbon, boron carbide, boron, etc., with the first two being the most preferable from a technological point of view. For instance, for carbon layer, if we set photon energy E = 6 keV, the grazing angle θ 0 = 1 mrad ( c θ ≈ 5 mrad ~5θ 0 ), the value of A F calculated with Eq. (1) is approximately 0.122%, which is very close to the one calculated with the exact Fresnel formula (0.123%). For heavier reflecting material (e.g., Ru or Pt) the absorptivity is increased by many times (2.15% or 2.18%, respectively) at the same photon energy and incidence angle. The need for extremely small grazing angles of the incident radiation and a light material as a reflecting coating to minimize damage of the mirrors in free-electron and X-ray free-electron laser (FEL and XFEL) beamlines was discussed earlier in manifold papers [1] [2] [3] [4] .
Evidently, no real surface can be considered as a perfectly smooth for X-rays. The surface roughness results in the appearance of scattered radiation directed to both the vacuum and the mirror depth and decreases the reflectivity , where TIS is the total integrated scattering into the vacuum, and A F is the absorptivity of a perfectly smooth mirror. Therefore, to analyze a change in the radiation absorption due to the roughness effect, we should evaluate the difference of TIS R δ − in dependence on the roughness parameters. The simplest way to describe the roughness effect is to modify the Fresnel reflectivity by introducing the Debye-Waller (DW) [5] or Nevot-Croce (NC) [6] factors, which are valid in the limiting cases of extremely large or vanishingly small correlation lengths of the roughness ξ, respectively (for more details, see [7] and references therein). If the reflecting surface is very smooth and the grazing angle is small, the factors are written as 
where λ is the radiation wavelength, and the only roughness parameter, the root-mean-squared (rms) value σ, appears in Eq. (2) and Eq. (3) . Equation (2) shows that TIS R δ = or, equivalently, TIS F R R + = in the limiting case of the large correlation length. In other words, long-scale roughness does not increase the radiation flux directed into the depth of a mirror and, therefore, does not increase the radiation absorption as compared with a perfectly smooth surface.
In the opposite limiting case of a vanishingly small correlation length, the scattered radiation disappears altogether, while the reflectance decreases due to increasing coherent transmittance (and subsequent absorption) of the wave into the matter depth. The small-scale roughness effect, thus, is analogous to that of a smooth and gradual variation of the dielectric constant near a surface. According to Eq. (3), the radiation absorption is increased and the absorptivity is written at very small grazing incidence angles as
If the rms roughness is set to 0.5 σ = nm in Eq. (4), where the photon energy E = 3 keV ( 0.413 λ ≈ nm) and the critical angle 10 c θ = mrad, the absorption is increased insignificantly (by only approximately 0.6 rel.%) in comparison with the perfectly smooth surface (1) . Notice that the critical angle of TER is proportional to λ for hard X-rays. Hence, the relative
is independent of the wavelength in Eq. (4). Therefore, the roughness effect on the absorption of hard X-rays by grazing incidence mirrors seems to be negligible in the limited cases of extremely large and very small correlation lengths of roughness. At first glance, it would be logical to suggest that the roughness effect is also very weak for arbitrary correlation lengths lying between these limiting cases. However, this is not evident. As it was demonstrated in [7] , the DW and NC factors for the reflectivity correction are both invalid at extremely small grazing angles, so that the value of R δ may be many times more than that given in Eq. (2) and Eq. (3). Hence, the roughness effect on absorption should be analyzed in more detail at extremely small grazing angles of incoming X-ray beams.
The goal of the present paper is to estimate the effect of the surface roughness on the increase in absorption of grazing incidence mirrors operating at extremely small grazing incidence angles. Such an analysis is important from the practical point of view as increase in X-ray absorption results in increasing thermal deformations of mirrors. At first, we analyze general principles of the roughness effect on X-ray absorption basing on a simplified roughness model (sections 2 and 3). Then the approach is applied to analysis of two real mirrors used in synchrotron (BESSY-I) and European XFEL beamlines (section 4). The main results of consideration are summarized in section 5.
We consider the present paper as a continuation of [7] , where the effect of roughness on the specular reflectance and the total integrated scattering in vacuum was analyzed in the case of extremely small grazing incidence angle. Therefore, below we will refer to formulas, which are sometimes cumbersome, that were obtained in [7] to shorten the present paper volume.
X-ray absorption at extremely small grazing incidence angles
Because this study is interested in evaluating very smooth surfaces with the rms roughness of a few angstroms and small grazing angles, we will use the perturbation theory on the roughness height for analysis of X-rays reflection and scattering. An applicability of the perturbation theory in X-ray spectral range was analyzed in manifold papers (see, e.g., [7] and references therein) and is not discussed here. It should be noted that, at 0 1 θ = mrad, the parameter μ 0 = 0.12 is much less than unity at the maximal correlation length ξ = 100 μm indicated in the figure. Therefore, the TIS and R δ values coincide with those predicted by the DW formula at the correlation length of several mm. The R δ value tends to that predicted by the NC factor with a decreasing correlation length, while it coincides with it at extremely small ξ < 1 nm. Therefore, according to the analysis performed in [7] , both the DW and the NC factors are invalid at very small grazing angles in a wide range of correlation lengths spanning from a fraction of nm to several mm. In particular, the maximal value of R δ achieved at the grazing angle 0 1 θ = mrad and the parameter ~1 c μ exceeds the DW factor by almost 3 times and the NC factor by almost 70 times.
The dependence of TIS on the correlation length is close to that of correction to the reflectivity R δ . Therefore, the relative increase in absorption (proportional to
) is not so pronounced: it is approximately 8 rel.% only at 0 1 θ = mrad (see Fig. 2 ), while it is 13 times more when compared to the prediction of the NC formula in Eq. (4).
Notice (see Fig. 2 ) that a relative increase in absorption is almost independent of θ 0 at small grazing angles less than 5 mrad, what is one-half of the critical angle of TER.
To look more closely at the dependence of absorption on the roughness parameters, grazing angle of an incident beam, and the photon energy, we deduce a simplified expression for the absorptivity based on the results obtained in [7] . We consider the case of extremely small grazing angle 0 c θ θ
, and use Eqs. (19)- (20) from [7] . Then, with a little algebraic manipulation, we obtain ( ) 
Expression (7) consists of two summands, the first is dictated by the formation of a smooth near surface layer arising because of statistical averaging of stochastic surface relief and leading to an increase in the coherent transmittance in the case of absorbing mirror material, while the second summand describes an increase in the scattering into the mirror depth occurring independently of absorption [7] . Therefore, we neglect the imaginary part of the dielectric constant when deducing the second summand in Eq. (7), while we take it into account in the first summand to provide transition to the NC factor in Eq. (4) with decreasing correlation length.
First, we note that an increase in absorption in Eq. (7) is proportional to the grazing angle of an incident beam. The same linear dependence on θ 0 is inherent to the absorptivity 1
of a perfectly smooth mirror at an extremely small grazing incidence angle (Eq. (4)). Hence, the relative increase in absorption is independent of the grazing angle at 0 c θ θ << according to Fig. 2 . To illustrate an accuracy of Eq. (7), we re-calculated results obtained with the use of exact expressions from [7] and presented these in Fig. 2 using colored solid curves.
The dashed curves of the same colors were calculated with the use of analytic Eq. (7), which is valid at a small grazing incidence angle 0 c θ θ << . As the critical angle of B 4 C coating is equal to θ c = 10.2 mrad at E = 3 keV, we performed analytic calculations at 0 5 θ ≤ mrad only.
As seen, approximate Eq. (7) can be used for quick estimations of the roughness effect to the X-ray absorption by a rough surface at a small grazing incidence angle 0 c θ θ << , while its accuracy is impaired with increasing θ 0 .
In the limiting case of extremely small correlation length, we set 0 c μ = in Eq. (7) and obtain the following asymptotic representation for the absorption increase for arbitrary function F:
In the partial case of the model in Eq. (6) 
Notice that Eq. (10) is more exact as compared with the expressions obtained in [7] , but only valid for the particular case of the PSD-function determined in Eq. (6) .
We suggest that the absorptivity peak in Fig. 2 achieves the maximal value at the correlation length ξ ξ * = corresponding approximately to an intersection of two asymptotic curves in Eq. (9) and Eq. (10) . Then, the dependence on the photon energy E of the correlation length ξ * and the maximal value of the absorptivity can be roughly estimated as ( )~;
and max~F
i.e. X-ray absorption by a rough surface is enhanced with the increasing photon energy (at the fixed grazing incidence angle θ 0 and the "worst" correlation length Therefore, the relative increase in the absorptivity (A-A F )/A F is enhanced quickly with the photon energy, while it is independent of the photon energy in the frame of the NC approximation in Eq. (4) . Notice that these statements are valid, if only the grazing angle θ 0 is small as compared with the critical angle θ c .
The dependence of the relative increase in absorption of carbon-and B 4 C-coated mirrors operated at the grazing angle θ 0 = 1 mrad is shown in Fig. 3 versus the correlation length of roughness for different photon energies varying from 3 to 20 keV. The solid colored curves In parallel of a rough harmonics to stochastic sm the fractal par ce of the relative -coated mirror ope , calculations were unction was used, nm and α = 0.8. T le the dashed and ation length ξ, easing α resu ess spectrum lations of a su hown in Fig. 4 geometry frequency ement of ptivity on ed mirror operating at the 1 mrad grazing incidence angle and 10 keV photon energy. As above, the solid colored curves were calculated using exact formulas from [7] , while the dashed and dotted black curves were calculated using simple Eq. (7). As seen, the fractal parameter moderately influences the X-ray absorption, with decreases in the parameter α resulting in a certain decrease in the maximal absorptivity, and the corresponding correlation length ξ * being slightly shifted to the larger values.
Discussion
The results of our consideration are summarized in Tables 1 and 2 . The photon energy and the critical angle of TER of carbon and B 4 C coatings are given in columns 1 and 2, assuming the grazing angle of an incident beam to be 1 mrad. The absorptivity of a perfectly smooth mirror is presented in column 3. The absorptivity is very small and decreases with increasing photon energy from 0.251% (C coating) or 0.162% (B 4 C coating) at the photon energy E = 3 keV down to 0.056% or 0.039% at E = 15 keV. Subsequent increases in the absorptivity up to 0.061% (C) or 0.048% (B 4 C) at E = 20 keV are explained by decreasing critical angles of TER down to 1.5 mrad, a value that is comparable with the grazing angle of an incident beam. Notice that the critical angle (in mrad) 30 / (in keV) C E θ ≈ for both C and B 4 C coatings. An enhancement of the absorptivity of a rough surface is shown in column 4, the calculations being performed by the simplest manner with the use of the NC factor to describe the reflectivity decrease (Eq. (3)). As seen, the NC approximation results in extremely small increases in the absorptivity by only 0.6 rel.% for both coatings independently of the photon energy.
More correct calculations of the absorptivity based on the exact (in the frame of the first order perturbation theory on the roughness height) formulas presented in [7] indicate that the effect of roughness on the absorptivity is incomparably stronger (column 5): the maximum absorptivity is enhanced from 5.5 rel.% (C) or 8.0 rel.% (B 4 C) at E = 3 keV up to 148 rel.% (C) or 183 rel.% (B 4 C) at E = 20 keV for the "worst" value of the correlation length indicated in column 7. The absolute value of the absorptivity remains small (column 6), while it can be 2.5-2.8 times greater (at the rms roughness σ = 0.5 nm) as compared with a perfectly smooth surface despite the extremely small grazing incidence angle (1 mrad only). The "worst" correlation length of roughness providing the maximal increase in absorption is changed with increasing photon energy from several to several tens of microns.
For heavier reflecting materials, the maximal relative increase in the absorptivity is less (13.8 rel.% or 18.8 rel.% for Ru or Pt at E = 15 keV and θ 0 = 1 mrad), while its absolute value is incomparab light materials
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in Fig. 9 , on energy Fig. 8(b) and Fig. 9(b) ). On the other hand, it would be interesting to analyze the reflectivity from a mirror with a higher mid-scale roughness (waviness) and to more clearly verify our theory. However, the reflectivity measurements at ultimately small grazing angles (1 mrad or less) require plane substrate of at least several tens of cm in length. Fabrication of such a sample is rather expensive; therefore, we have delayed this experiment until a suitable sample is available.
Conclusions
No mirror surface can be considered perfectly smooth for hard X-rays. The surface roughness scatters part of the incident beam into the mirror depth, resulting in increasing radiation absorption and thus enhancing the thermal deformation of a mirror placed in a synchrotron, especially XFEL beamlines. The analysis of the X-ray absorption increase by a grazing incidence mirror due to the surface roughness was the goal of the present study.
We first analyzed the general principles of the roughness effect on the X-ray absorption based on a simplified roughness model using the PSD function determined in Eq. (6) . We demonstrated that the increase in absorption could be several hundred times larger than predicted by the Nevo-Croce formula. As a result, the absorption enhanced by several times compared to a perfectly smooth mirror despite the extremely small grazing angle of the incident X-ray beam (a fraction of the TER critical angle) and the high quality of the reflecting surface (0.5 nm RMS roughness over the entire range of the spatial frequencies). The main contribution to the absorption increase was dictated by the mid-scale roughness (waviness) with a longitudinal size from several to several hundred microns, which typically conforms with the substrate roughness. Therefore, the waviness of the virgin substrate surface eventually defined the absorption enhancement of the grazing incidence mirror and thus the mirror fabrication technology should be chosen to provide the lowest feasible mid-scale roughness. These statements are the main conclusion of practical importance.
We demonstrated that increasing the photon energy while maintaining the same grazing incidence angle results in a very quick enhancement in the absorptivity compared to that of a perfectly smooth mirror. The maximum relative increase in absorption was achieved if the grazing incidence angle θ 0 was approximately 0.6-0.8 of the critical angle of TER.
This approach was applied to the analysis of two real mirrors used in a synchrotron (BESSY-I) and European XFEL beamline. We demonstrated that our analysis conducted first to model the PSD functions was also valid for the real samples, because experimental PSD function can always be approximated by a sum of the models. The modern surface finishing technology of Elastic Emission Machining enabled us to obtain extremely low substrate waviness, indicating the negligible effect of the surface roughness on the absorption increase. 
